NONSTANDARD TRANSFINITE DIGRAPHS 

A.H. Zemanian 

Abstract — Nonstandard digraphs and transfinite digraphs have been 
defined and examined in two prior technical reports. The present work 
examines digraphs that are both nonstandard and transfinite. This requires 
a combination in certain ways of the techniques used in the prior two works. 
We first construct herein nonstandard transfinite digraphs for all the natural- 
number ranks. Then, a special kind of nonstandard transfinite digraph 
having the "arrow rank" a; needs to be constructed. Once this is done, the 
first limit-ordinal rank uj can be attained. This procedure can be continued 
on to still higher ranks. 

Key Words: Nonstandard transfinite digraphs, ultrapower digraphical 
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1 Introduction 

So far, we have discussed nonstandard generalizations of ordinary digraphs 
in [2] and also transfinite generalizations of ordinary digraphs in [3]. Our 
purpose now is to combine these ideas to generate nonstandard general- 
izations of transfinite digraphs. As in [3] ordinary digraphs will be called 
0-digraphs in order to distinguish them from the transfinite digraphs of 
ranks v [u > Q). We have used an unconventional definition of 0-digraphs 
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[2, section 2], which nonetheless is virtually equivalent to the usual defini- 
tion, the only difference being that parallel arcs and arcs which form loops 
become allowed. Our present definition of 0-digraphs conforms with how 
the i/-digraphs {u > 0) are set up. 

Our notations and symbols herein conform with those used in [2] and 
[3]. As always, we choose and fix upon a nonprincipal ultrafilter on N. 

2 Nonstandard 1-digraphs 

For an ultrapower construction of a nonstandard 1-digraph, we start with a 
sequence {D^^ : n G iV) of (standard) 1-digraphs as defined and analyzed 
in [3, Section 3]. Specifically, for each n G iV, 

L>i = {An,VlV^} (1) 

where An is the set of arcs, is the set of 0-vertices, and is the set of 
1-vertices. Correspondingly, we have a sequence of 0-digraphs D° = 

{An, V^}. Now, let be the set of all ditips of Each ditip of is 
either an intip or an outtip. We refer to these now as 0- ditips, 0-intips, and 
O-outtips, respectively. It is from these 0-ditips that the 1-vertices in Vn 
were constructed. From the sequence (D^) we construct the nonstandard 
0-digraph *D° = {*A*V^} exactly as is done in [2, Section 3]. Here, *A is 
the set of nonstandard arcs and is the set of nonstandard 0-vertices. 

Our next objective is to obtain the set of "nonstandard 1-vertices." 
In accordance with the 1-vertices in V^, we have T° = UkeRT^ki where K 
is the index set of the partition of that yielded the 1-vertices Vn k — '^n k- 
If two 0-ditips e„ and /„ of are in the same 1-vcrtcx ^ of , we say 
that Cn and /„ arc shorted together hy j^, and we write e„ x /„; otherwise, 
if there is no such 1-vertex, we say that en and fn are not shorted together, 
and we write en ^ fn- 

Our next step is to make an ultrapower construction to get the nonstan- 
dard 1-vertices. Consider sequences of 0-ditips such as (e^), where e„ is a 
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0-ditip of -D„. Two such sequences (e„) and (/„) are taken to be equivalent 
if e„ = /„ for almost all n. This partitions the set of all such sequences into 
equivalence classes, reflexivity and symmetry being obvious and transitivity 
easily shown (i.e., if e„ = /„ a.e. and /„ = Qn a.e., then e„ = Qn a.e.). 
Each such equivalence class is a nonstandard 0-ditip, and wc denote it by 
[e„] where (e„) is a representative (i.e., is any sequence) in the equivalence 
class. 

Now each (standard) 0-ditip of D° is either a 0-intip or a 0-outtip. Given 
any sequence (e„) of 0-ditips of let Ni = {n : e„ is a 0-intip} and 
No = {n : e„ is a 0-outtip}. Thus, Nt n No = $ and Ni U No = N. So, 
exactly one of Ni and Nq is a member of J^. If it is Ni (resp. No), (e„) is a 
representative of a nonstandard 0-intip (rcsp. a nonstandard 0-outtip). As 
stated in the preceding paragraph, we refer to both of these as a nonstandard 
0-ditip; now, we use boldface notation to denote it: e = [e„]. 

Next, let e = [e„] and f = [/„] be two nonstandard 0-ditips. Let N^f = 
{77, : Cn X fn} and N^j: = {n : Cn ^ fn}- Exactly one of Ngf and N^j^ is 
a member of If it is N^f (resp. -^gj), we say that e and f are shorted 
together (resp. are not shorted together), and we write e x f (resp. e 5^ f). 
Furthermore, we take it that e is shorted to itself: e x e. This shorting 
is an equivalence relation for the set of all nonstandard 0-ditips, reflexivity 
and symmetry being obvious and transitivity being a result of {n : e„ x 
fn} n {n : fn X gn} ^ {n : 6^ X gn}. The resulting equivalence classes are 
the nonstandard 1-vertices. 

This definition can be shown to be independent of the representative 
sequences chosen for the nonstandard 0-ditips. Indeed, let e = [e„] = [e„] 
and let f = [/„] = [/„]. Set N^ = {n : en = €„} € F and Nf = {n : fn = 
/} G J^. Assume e x f; that is [e„] x [/„]. Thus, Nef = {n : e„ x /„} G J^. 
We want to show that N-j: = {n : x /„} is a member of J^, which will 
mean that [en] x [fn], that is, e x f . We have {NeDNftlNef) C N-f, which 



3 



implies our desired conclusion. 

Altogether, we have defined a nonstandard 1-vertex to be any set in 
the partition of the set of nonstandard 0-ditips induced by the shorting x. 

will denote the set of nonstandard 1-vertices. Moreover, we have the set 
*A of nonstandard arcs and the set of nonstandard 0- vertices obtained 
from the sequence {D^), where = {An,V^}, as above.^ With all these 
results in hand, we now have the nonstandard 1-digraph as the triplet: 

= {*A*V^;V^} (2) 

Let us mention another fact. We constructed the nonstandard 1-digraph 
by starting with a particular sequence {D\), where each D\ is given by 
(1). But, any other sequence (-D^), where I)^ = {An,V^ ,V^l}, would yield 
the same so long as {n : An = i„}, {n : = V^}. and {n : = V^} 
are all members of J^. In this regard, see [1, Theorem 12.1.1]. 

The "underlying nonstandard 1-graph" = {*B*X^*X^} is obtained 
as follows. We again start with the sequence (-D^^), where = {An, V^, V^}- 
For each n, we remove the directions of the arcs in An to get branches. Two 
oppositely directed arcs incident to the same two 0-vertices will become a 
pair of parallel branches; parallel branches are allowed. In this way, the 
set Bn is obtained from the set A„ of arcs. Each branch is a pair of (— 1)- 
tips, each (— l)-tip having no direction, and we can proceed to get the set 
Xn of 0-nodes and the set of 1-nodes by using the partitioning and 
shorting corresponding to those used to get the set of 0-vertices and 
the set Vn of 1-vertices. Then, we can mimic the construction of the non- 
standard arcs and the nonstandard 0- vertices (see [2, Section 3]) to get the 
nonstandard branches and the nonstandard 0-nodes using the same ultra- 
power construction (i.e., the same partitioning and shortings) as that used 
for *D° = {*A*V^}. This yields the set *B of nonstandard branches and 
the set *X° of nonstandard 0-nodes. Next, by mimicking the construction 
^See [3, Section 3] for a detailed exposition of this. 
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of nonstandard 1-vertices, we get the nonstandard 1-nodes; these comprise 
the set *X^. Altogether, we have the underlying nonstandard 1-graph 

= {*B,*x^;x^} 

for the nonstandard 1-digraph *D^. 

3 Nonstandard /i-digraphs 

We have already constructed a nonstandard 0-digraph from a sequence 
{D^ : n G iV} of standard 0-digraphs Z)°; see [2, Section 3]. We have also 
constructed in the preceding Section a nonstandard 1-digraph from a 
sequence {D\ : n G iV) of standard 1-digraphs. Moreover, we have noted 
that does not depend upon the choice of the sequence (-D°) = {{A^ }) 
so long as An and V^are specified for almost all n, and similarly for so 
long as An, V^, and Vn are specified for almost all n. 

So, now, we shall start with a sequence (D^; n G iV) of /x-digraphs, where 

D^^ = {AnX,---,Vn^}- (3) 

We assume that the 

D^-' = {An,Vl...,Vn^-'} 

have already been used to construct the nonstandard (// — l)-digraph 

= {*a;v^,...;v^-^} (4) 

This has already been done for — 1 = 0. We will now use the sequence 
{D^l : n G iV) to construct the nonstandard /x-digraph 

= {*A*V^ , . . . *V^~^ *V^} 

Again, this result will not depend upon which sequence (D^ : n G iV) is 
used so long as the V^, . . . , are specified for almost all n. 
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Let Tl^~^ be the set of all (/x — l)-ditips (i.e., all (/x — l)-intips and/or 
all (/X — l)-outtips) in D^^"^. These T^""^ are not empty because the 
are assumed to exist. TJ^~^ has already been partitioned to get the set of 
all jU-vertices in Specifically, we have the partition T^"^ = Ufcgi^T^^^, 
where K is the index set for the partition. Each set of the partition is a 
/i- vertex 'w^^ = ^"^fe^ in -D^- If two (/x — l)-ditips e„ and /„ of are in 

the same )U- vertex vj^^ of D^, we will say that and /„ are shorted together 
by -y-^^, and we will write en>^ fn'-, otherwise, if there is no such 'y-^^,we will 
say that e„ and /„ are not shorted together, and we will write en ^ fn- 

Our eventual aim is to build the nonstandard //-vertices by means of an 
ultrapower construction. To this end, first consider all sequences of (// — 1)- 
ditips of -D^~^. Let (e„) and (/„) be two such sequences. They are taken to 
be equivalent if e„ = for almost all n. This partitions that set of all such 
sequences into equivalence classes — refiexivity, symmetry, and transitivity 
being clear. Each such equivalence class is a nonstandard {ji — l)-ditip; we 
denote it by [e^], where (e„) is any sequence in the equivalence class. We 
call (cn) a representative sequence for that nonstandard — l)-ditip. 

Now, each (//— l)-ditip of Dlf^^"^ is either a (/i— l)-intip or a l)-outtip. 
Given any sequence (e„) of (/x — l)-ditips of -D^~^, let N^~^ = {n : e„ is a 
(/x-l)-intip} and AT^"^ = {n : Cn is a (/x- l)-outtip}. Thus, N^'^r\N^~'^ = 
and Nj"'^ U N^'^ = N. So, exactly one of Nj"'-^ and iV^~^ is a member 
of T. If it is N^~^ (resp. A^^~^), (e„) is a representative sequence of a 
nonstandard {p—l)-intip (resp. a nonstandard {^ — l)-outtip). We call both 
of these a nonstandard (/x — l)-ditip and denote it by e = [e„], where (e„) is 
any representative sequence, as above. 

We can now obtain the nonstandard /x-vertices as follows. Let e = [e„] 
and f = [fn] be two nonstandard (/x — l)-ditips. Let N(,f = {n : e„ x /„} 
and N^f = {n : Cn fn}- Exactly one of Ngf and N^j is a member of J^. 
If it is Nef (resp. N^f), we say that e and f are shorted together (resp. are 
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not shorted together, and we write e x f (resp. e 5^ f). We also take it that 
e is shorted to itself. It readily follows that x is an equivalence relation for 
the set of all nonstandard (/x — l)-ditips. The resulting equivalence classes 
are the nonstandard jjL-vertices. 

Let us check that this definition does not depend upon the chosen rep- 
resentative sequences for the {ji — l)-ditips: Assume that the shorting of 
e and f was specified with the representative sequences (e„) and (/„), re- 
spectively. That is, N^f = {n : e„ x /„} G JT. Let e = [e„] = [e„] and 
f = [/„] = [/n], where (e„) and (/„) are other representative sequences for 
e and f . Thus, Ne = {n : en = e-n} £ ^ and Nf = {n : fn = fn} G ^- Now, 
{Nc n Nf n N(,f) is contained in the set N-j = {n : e„ x /„}. Consequently, 
N-j G J-. This shows that the shorting e x f does not depend upon which 
representative sequences are chosen for e and f . A similar argument shows 
that if [en] ^ [fn], then [e„] :jk [/„]. 

Thus, we now have a valid definition of the nonstandard //-vertices as the 
sets in the chosen partition of the set of all nonstandard (/i— l)-ditips induced 
by the shorting x. will denote the set of all //-vertices. Appending 
to the sets within the definition (4) for *D'^~^, we obtain the nonstandard 
/J,- digraph: 

*Di' = {*A*V'^,...;V''-^;V''} (5) 

We obtain the nonstandard underlying fi-graph for as follows: 
Again, we start with the sequence (-D^) (see (3) above) used for the construc- 
tion of *D^. For each n, we now remove the directions of all the arcs in An- 
This may yield some branches in parallel, but we allow parallel branches. 
Bn denotes the set of all so-obtained branches. Next, the same shortings 
that produced the 0- vertices can again be used to create the 0-nodes, the set 
of which we denote by X^. Furthermore, the same partitioning and short- 
ing that produced the /c- vertices (k = 1, . . . ,n) now produces the /c-nodes, 
the sets of which are now denoted by X!^. We can then employ the same 
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partitionings and shortings used in the ultrapower construction of the non- 
standard /x-digraph *D^^ to get the nonstandard /x-graph *G^^. We say that 
*G^' underlies *Df. 

4 Nonstandard a;-digraphs 

As should by now be expected, we start this time with a sequence {D'^ : n G 
iV), where each D';^ is an w-digraph having the arrow rank u. cJ-digraphs 
are discussed in [3, Section 6]. Thus, 

= {A„XX,---} (6) 

contains vertex sets VJ^ for all the natural-number ranks /x. 
Corresponding to D^, we have the //-digraph 

for each natural number fx. Using these, we can construct the nonstandard 
//-digraph as in the preceding section. Having done so for every natural 
number /t, the nonstandard co-digraph is simply the infinite set 

*D'^ = {*a;v^*v\...} (7) 

containing "V^ for all the natural numbers /t. Here, too, this nonstandard 
LJ-digraph will not depend upon which sequence (D^) is used so long as the 
sets An, Vn,Vj^, . . . remain the same for almost all n. 

5 Nonstandard Lj-digraphs 

This time we start with a sequence {D^ : n G N) of w-digraphs 

= (8) 

These cj-digraphs are discussed in [3, Section 7]. 

This implies that we also have the corresponding cD-digraphs 

= {AnXX,---} 
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consisting of all the sets in (8) except V^. Moreover, we have the a;-ditips 
(i.e., the a;-intips and w-outips) of D'^; see [3, Section 6]. 

We now proceed exactly as in Section 3 above, replacing T^~^ by the set 
T^, of all cj-ditips of DJ^, to get the (standard) vertices in DJ^ as shortings 
among the w-ditips. We then build the nonstandard w-vertices by following 
exactly the ultrapower construction employed in Section 3. More specifically, 
using now sequences of w-ditips from the D'^ in place of the (/x — l)-ditips, 
we get the nonstandard w-ditips, each of which can be identified as either 
a nonstandard tj-intip or a nonstandard w-outtip. Finally, shortings among 
the nonstandard w-ditips yield the nonstandard w- vertices, the set of which 
is denoted by *V^. All this yields the nonstandard lo- digraph: 

*D'^ = {*A*V^ *V'^ , . . . *V^} (9) 

6 Nonstandard transfinite graphs of still higher 
ranks 

The same constructions that were used to get the nonstandard ^u-digraphs 
for all the natural-number ranks ^ and then the nonstandard digraphs of 
ranks u and u can now be used to get the nonstandard digraphs of ranks 
a; + 1, w + 2, . . . , a; + cJ, a; • 2. This process can be continued still further to 
get nonstandard digraphs of even higher countable-ordinal ranks. As above, 
before a countable limit-ordinal rank, a construction for an arrow rank must 
be interposed. 
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